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Abstract. It is shown that a polynomial map {P,Q) € with P^Qy — PyQx = 1 

has an inverse map in (Q[v,y]^ if the fiber P = 0 contains an infinite subset of for an 

integer d. 


1. Introduction 

A polynomial map F G C[A]", X = (Ai,A 2 ,...,A„), is a Keller map if it satisfies the 
Jacobian condition detDE = 1. The mysterious Jacobian conjecture, firstly posed by Ott- 
Heinrich Keller ifTOl since 1939 and still opened, asserts that every Keller map F G C[A]" 
has an inverse map in C[A]'’ (see 0 and lU). This paper is to present a simple application 
of Siegel’s theorem on integral points on affine curves to this conjecture over the rational 
field. 

Recall that a subset of Q" is quasi-integral if it is contained in for an integer 

d. Obviously, if a Keller map F = {Fi,F 2 , ■ ■ ■ ,Fn) S has an inverse G G Q[A]", for 

each a — {ai,a 2 , - ■ ■, oc„_i) G Q"^*, the image G({a} x Z) is an infinite quasi-integral set 
contained in the affine curve defined by /j- = a,,; = 1,2,..., n — 1, where d is the common 
denominator of all and coefficients in G. 

Our main result here is the following. 

Theorem 1.1 (Main Theorem). Let {P,Q) G Q[Y,y]^ be a Keller map. If the fiber P — 0 
contains an infinite quasi-integral subset ofQ^, then {P,Q) has an inverse map in Q[A:,y]^. 

An important and immediate consequence of Theorem [m with together the formal 
inverse function theorem is the following. 

Theorem 1.2. Every Keller map (P, Q) G Z[x,yJ^ has an inverse map in Z[x^yY if for an 
Ct G Q, the fiber P = a contains an infinite quasi-integral subset o/Q^. 

Let us denote 

C{S,H,a) := {{a,b) G S x S: H{a^b) = a} 

for H G Q[A,y] , S cQ and a G Q. In view ofTheorem ll.il for any possible counterexam¬ 
ple {P,Q) G Q[A:,y]^ to the Jacobian conjecture, if exists, the inequality 

#C(d-^Z^,P,a) <+oo 

must holds true for all c/ G N and all a G Q. 
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Theorem ll.2l is a slight improvement of the main result in ifT^ . which says that Keller 
maps (P, Q) € Z[x,yj^ with hber P = 0 having inhnitely many integral points are automor¬ 
phisms of This result is reduced from an interesting observation that if a Keller map 
{Pj Q) & '^[x,y]^ is not inverse, then there is a constant M >0 depended only on (P, Q) such 
that #C{Z,P,k) < M for all A: G Z (Lemma 2, ifTSl l. Our approach here does not cover this 
result. 

In studying the Jacobian conjecture over the rational held Q it is worthy to consider the 
following questions for Keller maps {P,Q) £ Q[jr,y]^: 

Question 1.3. Is {P,Q) inverse if#C{Q,P,0) = +°°? 

Question 1.4. Is uniformly bounded the numbers #C(Q,P, oc), Ct G Q, if {P,Q) is not in¬ 
verse? 

Under the Jacobian condition detD(P, Q) = 1, the complex hbers of P are nonsingular 
curves and P is a primitive polynomial in C[x,y]. It is known that for all except a hnite 
number of a G C, the hbers P = a are diffeomorphic to same a Riemann surface of genus 
gp and of np punctures. In view of the celebrated Faltings theorem Cl on rational points 
on algebraic curves, if #C(Q,P,0) = the hber P = 0 must contain a rational curve or 
an elliptic curve. Furthermore, if gp > 2, one has #C(Q,P, a) < +°o for all except a hnite 
number of a G Q. 

The Uniform Bound Conjecture (see, for example, in Q) says that for every integer 
g >2, there exists a natural number P(Q;g) such that any algebraic curve dehned over Q 
and of genus g cannot have more than P(Q,g) points in Q^. If this conjecture is true and if 
Question 1 1.31 is positive, then one has a conhrmation to Question 1.4, at least for the case 
gp>2. A conhrmation to Ouestion I 1.41 will allow us to reduce the Jacobian problem over 
Q to the question whether there is no Keller maps (P, Q) G Q[x,y]^ such that #C(Q,P, a), 
Ct G Q, are uniformly bounded. 

A proof of Theorem ll.il will be presented in the next section. A version of this theorem 
for high dimensions will be provided in the last section. 

2. Proof of Main Theorem 

Let us begin with a brief introduction on the celebrated Siegel’s theorem on integral 
points on affine curves. Let C be an irreducible affine curve in C" dehned by some poly¬ 
nomials in Q[Jf] and gc denote the geometric genus of a desingularization of C. Siegel’s 
theorem HI asserts that if gc > ^ or if gc = 0 and C has more than two irreducible 
branches at infinity, then C may have at most finitely many integral points. We will use 
the following version of Siegel’s theorem, concerning with affine curves having inhnitely 
many integral points. 

Theorem 2.1. IfC has infinitely many integral points, then 

i) C has genus zero and has no more than two irreducible branches at infinity, and 

ii) on each irreducible branch at infinity of C, there is a sequence of integral points 
ofC tending to infinity. 

Property (i) is just Siegel’s theorem stated in an equivalent statement. Property (ii) is 
known later due to Silverman ifTSll . This property ensures that, in some sense, the behavior 
at inhnity of a regular function on such curve C is completely rehected on its restriction on 
the set of integral points of C. The consequence below may be well-known for experts and 
appear somewhere. 
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Corollary 2.2. Let C be an irreducible affine curve in C", defined over Q. Assume that C 
has an infinite quasi-integral subset. Then, for any H £ the restriction : C —> C 

of H on C is either a constant function or a proper function. In particular, if C is smooth 
and //|c has no singularities, then H]^(^ is an isomorphism of C and C. 

Proof. Let // G Q[X] be fixed. By assumptions, there is a number c/ G N such that the 
intersection CD is infinite and H G c/^'Z[X]. So, by changing variables X i—>■ dX 

and H i— dH, we can assume that C has infinitely many integral points and H £h[X]. 

First, assume that H is not constant on C. We will prove that the restriction //jc: C —> C 
is proper. Observe that by Property (ii) in Theorem 12.II it suffices to show that for each 
sequence of integral points a,- G C tending to the corresponding sequence must 

tend to °°. To see it, assume the contrary that H is bounded on a subsequence of a,s. Since 
any bounded subset of Z is finite, H must be a constant on an infinite subset of {a,}. This 
implies that H is constant on C - a contradiction. Hence, H^c proper. 

Now, assume that C is smooth and has no singularities. Since H^c is proper, H^c ■ 
C —^ C determines a unramified covering of C. Thus, by the simple connectedness of C, 
//|c is isomorphic. □ 

Lemma 2.3. Let {P.Q) G C[A:,y]^ be a Keller map. If the fiber P = 0 has a component 
diffeomorphic to C, then (P, Q) is inverse. 

Proof. Assume that C is a component of the fiber P — 0, diffeomorphic to C. As J{P, Q) = 
1, the restriction Qjc : C —C gives a unramified covering of C, and hence, is bijective. It 
implies that the restriction (P, 2)|c = {Q,Q\c) is injective. By Abhyankar-Moh-Suzuki em¬ 
bedding theorem m , C is a line in a suitable algebraic coordinate of C^. The invertibility 
of {P,Q) now follows from a well-known result due to Gwrozdiewicz (91, which asserts 
that every Keller map of is inverse if its restriction to a line is injective (see Theorem 1 
in m. Theorem 10.2.31 in O). □ 

Proof of Theorem ll.il Let {P,Q) G Q[x,y]^ be a given Keller map such that the fiber 
P = 0 contains an infinite quasi-integral set of Q^. In view of Siegel’s theorem, the fiber 
P — 0 must contain an irreducible component C of genus zero and at most two irreducible 
branches at infinity. Since J{P,Q) = 1, C is smooth and the restriction has no singu¬ 
larities. Therefore, by Corollary 2.2, the component C is diffeomorphic to C. Hence, by 
Lemma 1231 (P, Q) has an inverse map in Q[A,y]^. □ 

3. High dimensional case 

Recall that a value c G C™ is a generic value of a polynomial map h : C" —C'", 
n>m, if there is an open neighborhood t/ of c such that the restriction h: h^^{U) —^ U 
determines a locally trivial fibration. Let £/, denote the the complement of the set of all 
generic values of h. By definitions, the restriction h: C" \ * {Eh) —^ C™ \ £/, determines 
a locally trivial fibration. It is well-known that either Eh is empty and is a trivial fibration 
or Eh is an algebraic hypersurface of C"' (for example, see iflfil l. 

Our version of Theorem ll.ll for high dimensional cases can be stated as follows. 

Theorem 3.1. Let F = {F\,F 2 ,... ,F„) G Q[2f]" be a Keller map. Assume that there is a 
generic value Ct G ' o/ the map F = {Fi,F 2 ,... , P„_ i): C” — > C"^ ^ such that the fiber 
F = a contains an infinite quasi-integral set ofQ”. Then, F has an inverse map in 

In view of Siegel’s theorem, the assumption on the fiber F — a ensures that the generic 
fiber of F is diffeomorphic to either C or C*. Theorem 13. II is an immediate consequence 
of the formal inverse function theorem and the following lemma. 
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Lemma 3.2. LetF = (^ 1 ,^ 2 ,... ,F„) G C[X]" be a Keller map and F \={F\,F 2 ,... ,F „^\); 
C" —^ Then, 

a) F is inverse if the generic fiber ofF is diffeomorphic to C; 

b) the generic fiber of F can never be diffeomorphic to C*. 

Proof For A G let us denote C^, :=F^^(A), Lx := {A} x C and/^L : Cx —Lx G1 C" 
the restriction to Cx of F, fx{ci) = {A,F„{a)), a G Cx- Since JF = 1, the fibers Cx 
are smooth and the maps fx have no singularities. By definitions, the map F : C" \ 
F^^{Ep) — > C"^* \ Ep is a locally trivial fibration. So, the fibres Cx, A G \ Ep, 
are nonsingular irreducible affine curves of same a topological type. 

a) Assume that the generic fiber of F is diffeomorphic to the line C. Then, for every 
A G C'’^^\Ep, the map fx : Cx —Lx C C" is diffeomorphic. It follows that #7^^^ (a) = 1 
for all points a of the open dense algebraic subset <C"\{Ep xC) of C". Since F is locally 
diffeomorphic by the Jacobian condition, it follows that F is injective. Hence, by Ax- 
Grothendieck Theorem (Theorem 10.4.11 in O, see also EdT]), F is inverse. 

b) Assume the contrary that Ca is diffeomorphic to C*. Then, F is not inverse and the 
sets Ef and iip are hypersurfaces of C" and C"^*, respectively. 

First, we will show that for each A G C "^'^\Ep there is a S C such that F^^{A,bx) = 
0 and the map 

fx:Cx^Lx\{iA,bx)} {*) 

gives a unramified covering. 

Let A G \£’^ be fixed. Let Fi and r 2 be the two unique irreducible branches 
at infinity of Cx and bi and bx be the corresponding limiters of sequences Fn{af) where 
at G F, tend to infinity. Observe that at least one of b,- is 00 . Otherwise, if both of b, are 00 , 
fx must be proper, and hence, must be a diffeomorphism from Cx onto Lx ■ Thus, we can 
assume that bi=o° and bx '■= bx G C. 

Consider the covering 

fx:Cx\F-'(A,bx)^Lx\{(A,bx)}. 

By applying the Riemann-Huzwicz relation we have 

X(Cx\E-'(A,bx))^deg^,,ffx.z(Lx\{(A,bx)})- ^ deg^fx-1. 

p£CffF-‘(l,bx) 

Here, x(V), deg^^^ fx and deg^fx denote the Euler-Poincare characteristic of an affine 
curve V, the geometric degree of fx and the local degree of fx p GCx, respectively. 
Note that x{Ex \ = 0 fx has no singularities. From the above equality it 

follows that xi^x \ F^^{A,bx)) = 0. Since Cx is diffeomorphic to C*, the inverse image 
F^^{A,bx) is just empty and the covering (*) is unramified. 

Now, let Ef) := {a G C” : = 0} and consider the projection 7Z : Eq —> C"^', 

n{X): = {Xi,Xx, ■ ■ ■ ,X„^i). Note thatEo is a closed algebraic subset of C". By the previous 
claim the restriction n : \Ep) —> \ Ep is one-to-one. It follows that the 

inverse image n^^{C"^^\Ep), which is an open algebraic subset of Eq, is of dimension n— 
1. Therefore, Eq contains a hypersurface of C". This is impossible. Indeed, if Eq contains 
a hypersurface defined by a nonconstant polynomial // G C [A], it must be that //(E (A)) = 
c Therefore, DF[{F (A) )DF (A) = 0 that contradicts to the Jacobian condition. □ 
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To conclude the article, we would like to present some remarks related to Theorem ll.il 
and Theorem l3.ll 

i) Siegel’s theorem is stated and valid for number fields. Property (ii) in Theorem l2.1l is 
also valid for an arbitrary number field. Its proof is implicit in the proof of the main results 
in ifTSl and in the algorithms finding integral points in ||3l . 

ii) As seen in its proof, Theorem 13.11 still holds true for when Q is replaced by an 
arbitrary number field. 

iii) In our arguments to prove Corollarv l2.2l the only fact on the integral ring Z of Q used 
is that any bounded subset of Z is finite. This is true for integral rings of imaginary qua¬ 
dratic fields Q(v^—m), m G N. Thus, Theorem 1.1 is valid for the fields Q and 

m G N. The analogous statement of this theorem for number fields would be true if one 
could prove that for Keller maps (P,Q) G C[x,y]^, fibers of P cannot have components 
diffeomorphic to C*. 
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